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Abstract

Long-wavelength plasma frequencies have been obtained in the modified random phase
approximation (RPA) and plasmon-pole approximation (PPA) methods for both quantum and
classical plasmas in fractional-dimensional space. The dynamical local-field factor is included
in the dielectric function. Comparison of the plasma frequencies in these methods shows that

both RPA and PPA methods are quite accurate in finding plasma frequencies. Although the
contribution of the dynamical local-field factor to the quantum plasma frequency is quite
significant, it vanishes for the classical plasma. While the quantum plasma is undamped in the
collective excitation regime, the classical plasma is damped in this regime.

1. Introduction

In a quantum well (QW) with infinitely large barrier widths,
the electron and hole wavefunctions are confined in the well
region. In view of the spatial extension of the excitons [1] and
polarons [2], the QW shows two-dimensional (2D) behavior
when the well width is extremely narrow. The dimension of
the system increases with increasing well width. At large well
width the system shows three-dimensional (3D) behavior. The
QW with infinite barrier heights and finite well width shows
fractional-dimensional (FD) behavior with the dimension «
lying somewhere between 2 and 3.

The situation in a QW with finite confining potential is
different. In this well the energy level approaches the edge of
the well, so that effectively the particles are spread over the
barrier region. When the well width is extremely small, the
wavefunctions are mainly confined in the barrier region so that
the system shows 3D characteristics of the barrier materials.
In a QW well with large well width, the electron and hole
wavefunctions are mostly confined in the well region so that
the system shows 3D behavior of the well material. This
behavior has been established in the properties of exciton [3]
and polaron [4, 5] in a QW. Consequently, the system shows
FD characteristics when the well width is in the range 10—
100 A.

The real confining structure in the FD space is replaced
by an isotropic space where the measure of its anisotropy
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or confinement is given by the fractional dimension « [6].
Such a space, termed as dynamic space, differs from the
geometric space in that its dimensionality is determined by
physical interactions, as seen from the viewpoint of excitation
dynamics. The FD space is not in general a vector space and
the coordinates in this space are termed as pseudocoordinates.
This approach has been applied to study exciton [7-9] and
absorption spectra in QWs and quantum wires [10]. It
has also been applied to study the biexcitons [11-13], the
exciton—phonon interactions [14], the Stark shift of excitonic
complexes [15], the refractive index [16], the impurity
states [17], the Pauli blocking effect [18], the polaron effect in
QWs [19, 20] and the exciton—polaron properties in QWs [21].
The calculation of the ground state properties of excitons has
been carried out in the undoped system where the electron—
hole interaction is not screened by the electron and hole carrier
densities. The screening in 3D [22] and 2D [23] systems
has been carried out by the dielectric functions. Similarly
the many-polaron system in the degenerate system requires
the electron—phonon interaction to be screened by the electron
density [24]. Unfortunately the dielectric function is not known
in an FD space.

The dielectric functions are calculated in the linear
response theory [25-28]. In the direct method a monochrome
perturbation is added to the external potential and the perturbed
charge density is obtained with the new external potential [29].
The change in charge density is obtained by comparing it

© 2008 IOP Publishing Ltd  Printed in the UK
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with the unperturbed charge density. The dielectric function
is related to the ratio of the change in charge density with the
change in external potential. This procedure is quite involved
and it has the limitation that it can only be used to calculate
the dielectric function in the static limit. On the other hand
the calculation of the dielectric function in the random phase
approximation (RPA) method is simple. Since it is based on the
time-dependent Hartree equation, the frequency dependence is
included in the dielectric function. The roots of the dielectric
function give plasma frequencies. Although it is not an exact
theory, it is still accurate at zero temperature when the electron
density is high in the medium [30]. The RPA becomes
a progressively better approximation when the temperature
increases. At high temperature it works well irrespective of
the magnitude of electron density in the material [30]. In the
long-wavelength limit the plasmon frequency is obtained in a
closed form. The accuracy of the plasma frequencies at finite
wavevector calculated numerically in the RPA method can be
checked by comparing them with the analytic frequencies in
the long-wavelength limit.

The plasmon-pole approximation (PPA) technique is
another simplification of the RPA method for determining
the long-wavelength plasma frequencies [27, 31-33]. The
wavevector dependence in plasma frequency is obtained from
the sum rules [26]. The Frohlich interaction involving the
electron scattering by phonon, plasmon and plasmon—phonon
hybrid modes is based on the PPA method and the interaction
strength is significant in the long-wavelength limit. The
ground state properties of the plasma—polaron strength [34],
the electron transport in semiconductors [35] and the electron
self-energy [30, 36] have been studied using this method.
Therefore it is important to find plasma frequencies using this
method.

Depending upon the temperature of the system, the plasma
is classified as either quantum or classical plasma. When the
temperature of the system is well below the Fermi temperature
(Tr), the Fermi—Dirac statistical distribution function is usually
employed and the plasma is termed as a quantum plasma.
Using the RPA method, the plasma dispersion has been studied
in 3D [37], 2D [38] and 1D [30] quantum plasmas at zero
temperature. The plasma frequencies at finite temperature have
been calculated in 3D [39], 2D [39, 40] and 1D [30] systems
and these are found to increase with temperature. In 3D
systems, the plasmon decays into electron-hole pairs when it
enters into the electron—hole continuum at the plasmon critical
wavevector ¢.. In 2D systems, the plasmon ceases to exist
beyond ¢g.. Since there is no g. in 1D systems, the plasmon
does not decay into the electron—hole pair.

The quantum plasma shows quantum interference due to
the long de Broglie wavelength of particles and this introduces
higher-order many-body effects which give rise to a dynamical
local-field factor (LFF) [26]. As a result of this the Coulomb
potential is reduced and the reduction in Coulomb potential
reduces the plasma frequencies in comparison with those
obtained in the RPA method. Using different techniques, the
plasma frequencies have been studied in the 3D [36, 41, 42],
2D [43, 44] and 1D [45, 46] systems.

When the temperature of the system is well above T, the
distribution function changes from Fermi—Dirac to Maxwell—
Boltzmann type and this results in a classical plasma. Since
at high temperature the RPA method works well for both
low and high electron density of the system, the dispersion
of classical plasma frequencies has been evaluated using this
method. The wavevector dependence of the classical plasma
and the damping of the plasma frequency have been studied in
3D [25, 47, 48] and 2D [49-53] systems.

In the present work, the quantum and classical plasma
frequencies have been calculated using both the modified RPA
and PPA methods in the FD space. The simplest static LFF
by Hubbard is not taken into account as it is an approximate
method of calculating LFF due to the exchange effect [54].
Since the plasma frequency manifests a dynamical property,
the dynamical LFF needs to be included in the dielectric
function for evaluating it. In section 2 we outline the methods
for evaluating plasma frequency and damping. In sections 3
and 4 we apply these methods to quantum plasma at zero-
and finite-temperature limits, respectively. In section 5, the
frequency and damping of classical plasma are discussed.
Finally the paper is concluded in section 6.

2. Method of calculation

The modified dielectric function which includes dynamical
LFF is defined as [25, 28]

€xn(q,w;u, T)

= [1 - : ] SGY
1+ Gupnl(q, 03 1, T)Qyp(g, w; ., T)
where €, is the bulk dielectric constant, u 1is the
chemical potential, G4p(q, w; u, T) is the dynamical LFF at
temperature 7 and the Lindhard function Qéol)) (g, w; 1, T) is
defined as

09 (g, w; 1, T)
0)

09 (g, w; 1, T) = vup (@ x D (g, 03 1, T). ()

Here, v, p(q) is the Fourier transform of the Coulomb potential
and XO([% (g, w; u, T) is the temperature-dependent irreducible
polarizability function. For the long-range interaction 1/r,
vop (q) has been derived as [20]

(47‘[)%1 r (“—;1) &>

Van(q) = — , 3)

€pq”
where I'(x) is the Euler-gamma function [55]. Since I'(0)
diverges, vyp(q) cannot be defined for 1D systems. Such

a potential corresponds to a system embedded in 3D space
such as QW and quantum wire. In a strictly 2D system the
Coulomb potential is assumed to be in the log » form [56, 57].
The plasmon frequency in a strictly 2D system has a gap at
g = 0. In a strictly lower-dimensional system (1 < o < 2)
the Fourier transform of the potential is of the form g./q%* 2,
where g. is the coupling constant [57, 58]. This potential
predicts the plasma frequency gapless at ¢ = 0. In the present
work we have chosen the long-range 1/r Coulomb potential
for calculating plasma frequencies which is appropriate for
confined systems.
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The non-interacting polarizability function in FD space is
defined as [25, 28]

0) 2 ne(k) — nr(k + q)
Xep(q, 03 0, T) = v I —E —,
aD T k — Lk+q + hw + id

“)

where ng(k) is the Fermi-Dirac distribution function at
temperature 7', the band energy E; = fi’k?/2m* with m* being
the electron effective mass, V,p is the volume in FD space and
8 = 0". In the FD space, the summation over k is converted to
an integral as [6]

k

aD 27‘[2

1/ /k“ldksm“ede (5)
~ @n)e (%)

This transformation is not valid for 1D systems as I'(0)
diverges when o« = 1. Using equation (5) in (4) and carrying
out the @ integration, the real part Q¥ in the long-wavelength
limit is derived as

2e2g3T ("‘ ]) 1
Jreym*T (%) ?

o) 3h2q2 fo'e]
x / nF(k)k“*korm / npAH dk |.
0 0

(6)
The imaginary part in the long-wavelength limit after 6
integration is obtained as

Re[Q) (g, w3 i, T)] =

©) 2m*e?
m[QY)(q, w3 u, T)] = — 5 —
eph q®

x|:/ np(K) (k> — k2) T k dk
Ky

o0
- / ne(k) (kK> — k2) Tk dk], )
where k. is defined as
m*
ki = ——(hw + E,). )
q

The dynamical LFF is calculated using the first-order
exchange and self-energy contributions to the irreducible
polarization [43, 44]. It is qualitatively similar to the time-
dependent Hartree—Fock (HF) method. In this method the
dynamical LFF is defined as

Gan(q, ; 1, T) = (01} (g, w; 1, WO (g, w3 0, T)

x [Q4p(q. @ 1. T) = Qp(q. @i, T} ©)
where the contribution of the first-order exchange and self-
energy diagrams at large w is given by

@)
0N (q.w: . T) = 5 1

G (g3 10, T) + 0( : ) (10)

where G (q; w, T) is the static LFF in the HF theory. It is
given as

1 d“k (q-k)?
(27-[)01 koz—l
Sup &+ q: i, T)].

G (g, T) =

x [SEh (ks w, T) —

ngpg®+!

1D

The HF structure factor SHF (k, T') is defined as
h

b Ve (q)

x /Ood coth( m 0 (k, ).
a) a) 9
A 2T "

On simplification, we find

(7 _ a) (i)al
4o + 20k, \k,

x/ dk[1 — SHE(k; e, T)]
0

Sup (ks . T) =

12)

GHo (g . T) =
(13)

where k, = /2m*u /h? with u being the chemical potential.
At zero temperature u = Er and k,, = k.

In the RPA method the plasma frequencies are obtained
from the roots of €,p(q, w; u, T) = 0. Since the plasma
frequencies are Landau damped [59], the frequencies are in
general complex, o = Qup(q,T) — ivup(q,T), where
Qup(q,T) and yup(g,T) are the plasma frequency and
collisionless plasma damping, respectively. For small y,p(q),
the real part of equation (1) gives the condition [25]

1 —Re[Q)(q, (g, T); 1, T)]
+ Re[QY)(q, Qun(q, T); 1, T)] = 0.

The roots of this equation give 2,p(g, 7). The imaginary part
gives the collisionless plasma damping

Yan(q, T) =Im[ Q) (¢, Qun(q, T); 1, T))
[8Re[Q( ) (g, ; 1, T)] ]‘
Qup(q,T)

ow
The plasmon-pole approximation (PPA) method gives a
simple form for the plasmon frequency Q(p ) p(q, T) as [32]

(14)

15)

(p) eaD(q’ Oa T) ’
Q,plg, T)= waD(q)[—aD(q’ 0.7) — GJ - (16)

The evaluation of plasma frequency needs the dielectric
function containing a static LFF. In the present case we have
used the static LFF in the HF model described in equation (13).
Although the PPA method is successful in finding the plasmon
frequencies, the plasma damping cannot be calculated using
this method.

3. Long-wavelength plasma frequency in the
quantum plasma at zero temperature

We consider the zero-temperature limit ng(k) = 60 (kg — k),
where kr is the Fermi momentum. The expression for kg in FD
space has been given as [58]

((4n)%r(1 + %)m)“
kg = 5 .

a7
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It is easy to carry out the integration over k in equation (4).
The expression for the real part of Q¥ (g, w, 0) is obtained as

w? 2,2
[Q( (q , EF,O)]— aaD)z(q) |:l+ 3q UF :|

(@ +2)a?
1
+o(w6>

where the Fermi velocity vg = fikg/m™* and w,p (g) is obtained

as
4
wap(q) = \/ @m)=

Here, wqp(q) o< g®~%/2. Therefore, it is independent of g for
o = 3. For a < 3, it vanishes at g = 0.

The first-order contribution can be obtained by evaluating
QL (g, w, Ep,0). The imaginary part of the polarizability
function at 7 = 0 is derived by carrying out the integration
over k in equation (7):

m[Q) (g, , Ex, 0)]
_ 2L*[@(k
T (@ — Dephtqe "

(18)

(%) enapg >

ebm*

19)

a=1
— k) kg — k3

— Ok —k )k — k)T 1. (20)
Thus, Sﬁg(q Eg, 0) can be derived as
al (5
S (g, Er, 0) = ik
(@ = DI(%5)/mk
F 1 1—a 3 ¢* @
x 5 55 03 )
N2 T2 2
where ,F) is the hypergeometric function [56]. Using
equation (21) in (13), G?g is obtained as
7 N a—1
G (g, B, 0) = 20— LG (i) L@
4o +2) gor (32 \ ke

Taking Qéol)) and Q(% in equation (14), the plasma frequency
is obtained as

a*vi
Wy D (f])

3 7—a) (% 0)\*"!
" o )] (5) (CITF( )) 23)
2@+2) S +2rirEE)\ ke
where gt is the Thomas—Fermi wavevector at 7 = 0. It is
defined as q%F_l (0) = vap(q)g®! ?T“f, where EF is the Fermi
energy. Using equation (17), grr(0) is derived as

Qyp(q,0) = wep(q) +

O[a)iD (Q)qa_3
—

VR

g5 (0) = 24)

The plasmon frequency can be calculated in the PPA
method by using equation (16). In the compressibility sum
rule, €4p (g, 0, 0) including the HLFF is given as [26]

lim €4p (g, 0; Ef, 0)
q—0

a—1
(qre(0)/q) ) 03)

= 1+
6b< 1 — GH(q; Er, 0)(grr(0)/q)*!

The plasmon frequency in the long-wavelength limit in the PPA
method is then found as

q°vi
Wo D (CI )

(7_“),“%) <qTF(0))“‘_ 26)
8( + 23T () \ ke

Q" (q,0) = wap(q) +

1
X —_—
20

The contribution of leading and LFF terms to the plasma
frequency in equation (26) is the same as in equation (23). The
plasma frequencies are calculated taking m* = 0.067m( and
€, = 1. In figure 1 the scaled plasma frequency, Wyp(g, 0) =
Qup(q,0)/wep where the Fermi frequency wop = Eg/h, is
shown as a function of the scaled wavevector g/ kg for several
values of r;. Both the methods give similar results for all rg
values. The slight discrepancy arises due to static LFF used
in the PPA method. The quantum plasma shows quantum
interference due to long de Broglie wavelength of particles.
The quantum interference produces higher-order many-body
effects.

The plasma oscillations at zero temperature do not decay
in the long-wavelength limit since Im[Q© (g, Ran(gq,0);
Ef,0)] = 0.

4. Long-wavelength plasma frequency in the
quantum plasma at finite temperature

We follow the method of Cetina er al [60] to carry out the
integrals in equation (6) for T < T to find oV (g, w,T).
After carrying out the straightforward algebra we find

@2, (q. T) [1 3g22

(0)
[Q (f] w; [, T)] - (1)2 (O[+2)(1)2
2
Sa(e +2)7? [ kgT kg T*
X{1+724 (7) +O< P
1
+ O a)6

where v, = hik,/m* and the temperature-dependent density
nyp(T) is given by

2m*\ 2 p,%
ner =\ T

27

kgT kg T*
1+aw+D—-—— +0 : . (28)
w w
Fora =2 and T < T, u has been derived as [60]
ed1 s (F21), Er (29)
0 —exp| ——— .
M= LF EF g p kT
For a # 2, the expression for x has been given as [60]
7'[ kB T
uw = Eg|1 ——(a—2) . (30)
Er
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Figure 1. Scaled plasma frequency as a function of plasmon
wavevector at zero temperature and rg = 1, 10 and 15. Plasma
frequencies calculated in the exact method are compared with those
estimated in the plasmon-pole approximation method. In the exact
method: solid line (¢ = 3), dashed line (o« = 2.5), short-dashed line
(a = 2), dotted line (¢ = 1.5) and dotted—dashed line (@« = 1.01).
In the PPA method: closed circles (¢ = 3), open circles (o = 2.5),
closed triangles (o« = 2), open triangles (¢ = 1.5) and closed
squares (o = 1.01).

The plasma frequency at temperature 7 is obtained as

2.2
q-v, 3
Qup(q, T) =wep(q, T) +
wgzD(q’ T)

2(a +2)
56((01 + 2)7T2k123T2 wiD(CI, T)éozD(T)
X {1 + 20,0 } — pe 31)
where
7—a)l(% o0
bup(T) = — “)1(2)% / [1 = Sup (& w, T)] dk.
4(a+2)m2T(4F) Jo

Wop(a,T)

a’ke

ake

Figure 2. Plasma frequency as a function of wavevector at
T = 0.57f. Notations are the same as in figure 1.

Unfortunately &,p(7) cannot be evaluated analytically.
Following the method of Maldague [61], we have got
Sep (K; o, T) in the numerical method.

The PPA method finds ) (g, T) as

QP (g, T) = wun(q, T)

2,2
q-v, 1{
+ = —71+
a)éD(q,T)<2a

Rt T)«EaD(T))_

Sa(o + 2)m k3 T?
2412

32
pEes (32)

The scaled plasma frequencies Wy p (g, T') obtained in the
RPA and PPA methods are compared in figure 2. Both the
methods find similar plasma frequencies.
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Figure 3. Chemical potentials of the Fermi gas as a function of
electron density for several o values. The chemical potentials
calculated in the numerical method from equation (A.1) are
compared with those obtained in the Padé approximant method
equation (A.5). In the exact method: solid line (¢ = 3), dashed line
(a = 2.5), short-dashed line (o = 2), dotted line (@« = 1.5) and
dotted—dashed line (¢ = 1.01). In the Padé approximant method:
closed circles (o« = 3), open circles (¢ = 2.5), open triangles

(¢ = 1.5) and closed squares (o = 1.01).

Since in the long-wavelength limit Im[Q© (g, Rap(q,T);
w, T)] = 0, the collisionless plasma damping y,p(q, T) van-
ishes. Thus, the quantum plasma, whether at zero- or finite-
temperature below T, is undamped in the long-wavelength
limit.

5. Long-wavelength plasma frequency and plasma

damping in classical plasma

When the temperature is high, the nr(k) is described by the
Maxwell-Boltzmann distribution function [25]:

1 —1E;
k) = ' lexp| — )e .
ne(K) ;< VTrexp( o e
The chemical potential i for « = 2 has been derived as [27]
hz]Tl’lzD
=kgT1 —1{.
= ko toglexp( 722 ) — 1
For o # 2, the evaluation of u is shown in appendix A. It is
given as

(33)

(34)

w =kpgT[logv + K;log(K,v + 1) 4+ K3], (35)
) )

where the scaled density v = nqp/n,p, n,, = 2/A7 and

the thermal wavelength Ar = +/ 27 h? /m*kgT. The method
of finding «-dependent constants K, K, and K3 are given in
appendix A. The chemical potential as a function of v is shown
in figure 3. In the low density regime u is negative and it is
positive when the density is high.

Taking the leading-order term in equation (33), substitut-
ing in (6) and carrying out the integration over k, we find

3g%kgT 1
+22 B (=)
m*w? ®

(36)

2
Re[Qqp (g, i 11, T)] = ‘%22(61) (1

Using equation (33) in (7), we find

©) 2rm* \? 1
Im[Q™ (g, w; u, T)] = —nep| 55— | —

WkgT ) q
h2q2 m*w? b ho
X €eX ——— | €X — Sin .
P\ 8mkeT ) P\ " 292k T 2T
(37)

The HF structure factor is thus obtained as

S (k) = 1. (38)
Therefore GYF(g,w;n, T) = 0 which shows that the
contribution of the first-order perturbative contributions due to
self-energy and exchange terms to the LFF vanishes. Since the
particles are assumed point-like due to their short de Broglie
wavelengths, the higher-order many-body corrections do not
contribute to the classical plasma frequency.
The plasma frequency is calculated as

3 a—1
(g, T) = waD(CI)|:1 +3 (i) } (39)
4D

where the Debye—Hiickel wavevector ¢p is defined as

w1 _ Moy (q)g"

= 40
qp ks T (40)

In the PPA method, €(q, T) = €[l + (q/qD)“’l]. Using
equation (16), the plasma frequency is obtained and it is the
same as in equation (39). The classical plasma frequencies are
the same in both RPA and PPA methods. These are shown in
figure 4 for several o and r values.

Since the dynamical LFF vanishes in classical plasma, the
plasma damping in the high-temperature limit (hwyp(q)/ksT
<« 1) is obtained as

3 # a—1
T 2 q - 1 q
van(q,T) = waD(CI)<—> [;ﬁ exp[—— <—D> i|
8/ q% 2\ ¢q

The temperature affects both the damping and ¢%~' correction
to the plasma frequency, but does not alter the leading term.
The plasma dampings for several o and rs values are shown
in figure 5. The long-wavelength classical plasma oscillations
undergo Landau damping [59] except when o = 1.01.

6. Conclusion

In the present work, the plasma frequencies of the quantum and
classical plasmas in the long-wavelength limit are derived in
the FD space for the first time. Both the modified RPA and
PPA methods are used to find plasma frequencies and both
methods find similar results. The dynamical LFF, which is a
higher-order many-body correction to the plasma frequency, is
found to vanish in classical plasma due to a small de Broglie
wavelength. The plasma frequency has a gap in the 3D system
and it is gapless in all confined systems. Unlike the quantum
plasma, the classical plasma is Landau-damped. As mentioned
earlier, the determination of o in QWs and quantum wires
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Figure 4. Classical plasma frequency as a function of wavevector at
T = 2Tg. Notations are the same as in figure 1.

depends on the excitation dynamics. In a QW, it is calculated
as o = 3 —exp(—L/R) where L is the well width and R is the
radius of exciton and polaron [9, 19]. In the plasmon studies,
the radius of the plasmon can be taken to find «.
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Appendix. Chemical potential

The number of electrons is defined as Nyp = ZZk ng(k).
Using equation (9) the electron density is obtained as

00 1 m
_ 0 -1
Nep = Ny p LE_I(—I) i exp (lkBT) (A.1)

1e-10 | ¢

= 3
& 1e-20
=)
3
I
1e-30 |
1e-40
0
1
1e-10
= 1e20
2
[m}
L?
1e-30
1e-40
1
=
ox 1e-05
=
3
—
1e-10 Li §. ‘ ‘

0 0.1 0.2 0.3 0.4 0.5
ake
Figure 5. Classical plasma damping as a function of the plasma

wavevector for r¢ = 1, 10 and 15. The damping vanishes at
o = 1.01. Notations are the same as in figure 1.

The chemical potential can be obtained from equation (A.1)
in the zero-finding method. However, we have presented an
analytic method for finding it. Following the method of Joyce—
Dixon [62], the chemical potential is expressed as

(A.2)

M n
kB—T =10gv+;an

where By = 1/2%2, B, = 329! —1/3%2, By = 1/2% +
(10/3)/23¢/2 — 4/6*/%, etc. The logarithmic derivative of
equation (A.2) gives

d [ u e
— | — ) =1 B,v".
Udu(lq;T) +;n 1%

The right-hand side (rhs) of this equation is expressed in terms
of the {L/M} Padé approximant form [63]. We find that the
{2/1} Padé approximant form gives the best fit for all . In this

(A.3)
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form the rhs of equation (A.3) is expressed as

1+ nBy" =
n

where p;, p, and ¢ are the coefficients. These coefficients
are obtained as g = —3B3/2B;, py = By — ¢q; and p, =
2B, — B p;. In the {2/1} Padé approximant method, only B,
B, and Bj are sufficient to find ¢, p; and p,. Finally the
integration yields [27, 64]

1+ piv + pp?

A4
e (A4)

w=kgT[logv + K log(K,v + 1) + K3v (A.5)

where K| = (p1q1 — p2 —qf)/qlz, K> =qi and K3 = p»2/q;.
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